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We construct a supersymmetric extension of double field theory that realizes the ten-dimensional 
Majorana-Weyl local supersymmetry. In terms of a stringy differential geometry we proposed earlier, 
our action consists of five simple terms - two bosonic plus three fermionic - and manifests not only 
diffeomorphism and one-form gauge symmetry of _B-field, but also 0(10, 10) T-duality as well as a 
direct product of two local Lorentz symmetries, SO(l,9) x SO(9, 1). A gauge fixing that identifies 
the double local Lorentz groups reduces our action to the minimal supergravity in ten dimensions. 

PACS numbers: 04.60.Cf, 04.65.-|-e 



Without resorting to vector notation, Maxwell's origi- 
nal equations consisted of twenty formulas. It was the ro- 
tational or Lorentz symmetry that reorganized them into 
four or two compact equations. Recent developments in 
string theory indicate that supergravity theories - at least 
those which have stringy origin - may undergo a similar 
reformulation, and be greatly simplified with the renewed 
understanding of their stringy structure or T-duality. 

T-duality is a genuine stringy effect such that string 
theory effective actions or ten-dimensional supergravities 
should feature 0(10,10) structure The 0(10,10) 

T-duality can be manifestly realized if we formally dou- 
ble the spacetime dimension, from ten to twenty with 
coordinates = {x^,x^) [B-Q, and reformulate 

the ten-dimensional effective action in terms of twenty di- 
mensional language i.e. tensors equipped with 0(10, 10) 
metric. 



Jai 




(1) 



This kind of reformulation was coined Double Field The- 
ory (DFT) l9Hl2|. a nd has attracted much attention in 
recent years |13l - [31| . In DFT, as a field theory coun- 



terpart to the level matching condition of closed string 
theories, the 0(10, 10) d'Alembertian operator must be 
trivial, acting on arbitrary fields as well as their products, 



= dAd^^ = 



(2) 



Hence locally, up to 0(10, 10) rotation, all the fields are 
independent of the dual coordinates, = 0, and the 
theory is not truly doubled |11| . 

In a sense, the 0(10, 10) structure in DFT is a "meta- 
symmetry" rather than a Noether symmetry, since only 
after dimensional reductions can it generate a Noether 
symmetry. Another feature of DFT is that, the diffeo- 
morphism and the one-form gauge symmetry of i3-field 
are naturally unified into what we may call "double-gauge 
symmetry," as they are generated by the generalized Lie 



derivative @, [H, Hiil , 



CxTa,-A„ ■.^X^dBTA,...A„+i^TdBXBTA,...A„ 



ElLlidA.XB - dBXA^)TA,-M_,' 



(3) 



where is the weight of Tai-.-a^ ■ Since this differs from 
the ordinary Lie derivative, the underlying differential ge- 
ometry of DFT is not Riemannian 0, H, [T#[l6l [Tsl . l32| - [37j 
(see [S^, for extensions to A^-theory). Namely, while 
doubling the spacetime dimension is sufficient to mani- 
fest the 0(10, 10) structure, the double-gauge symmetry 
([3]) calls for novel mathematical treatment. 

In this paper, we construct a supersymmetric exten- 
sion of double field theory that manifests simultaneously 
0(10, 10) T-duality and various gauge symmetries listed 
in Table HI including the double-gauge symmetry. In order 
to do so, we employ the strin gy d ifferential geometry we 
developed earlier in Refs.|14|-[l6|. Especially we utilize 
the "semi-covariant" derivatives proposed therein. 

• 0(10, 10) T-duality: Meta-symmetry 

• Gauge symmetries 

1. Double-gauge symmetry 

— Diffeomorphism 

— One-form gauge symmetry 

2. Local Lorentz symmetries, SO(l,9) x SO(9, 1) 

3. Local Majorana-Weyl supersymmetry 

TABLE I. T-duality and gauge symmetries in super DFT. 



The supersymmetric DFT action we construct be- 
low, Eq. ()28p . reformulates the ten-dimensional minimal, 
i.e. M = 1 supergravity into five simple terms, while dou- 
bling the local Lorentz symmetries. For a related su- 
perspace analysis we refer readers to an earlier work by 
Siegel 0. 
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SETUP 

Our supersymmetric extension is minimal such that 
the field contents include the DFT-dilaton, double- 
vielbeins, DFT-dilatino and gravitino, as well as a local 
supersymmetry parameter, 



d, Vap, Vsq, p", , 



(4) 



Their weights are trivial except the DFT-dilaton, d, as it 
is related to the conventional string dilaton, 0, through 
= x/^e"^"^ [iHj such that e"^"^ has weight unity 

and 



Cxd:=-^e^'^Cx{e-^'^) = X^dAd ~ ^SaX^ . (5) 

Every field in (jj]) is covariant under all the bosonic 
symmetries in Table H] The indices of each field denote 
the relevant symmetry representations, as summarized in 
Table HI 



Index 


Representation 


Metric 


A,B,--- 


0(10,10) 1 

> vector 


Jab in Eq.© 


double- gauge J 


p,q,--- 


SO(l,9) vector 


Vpg = diag(-- + H h) 


p,qr-- 


SO(9, 1) vector 


Vpq = diag(H ) 




Spin(l, 9) spinor 


Cc0 in Eq.® 



TABLE II. Indices for each symmetry representation and the 
relevant metrics that raise or lower the positions of them. 



With the real SO(l,9) gamma matrices, (7^)"^, the 
charge conjugation matrix. Cap, satisfies 

(C^PiP2-P„)^^ ^ -(-l)"("+i)/2(C7fiP^-P")^„ , (6) 

and defines the conjugated spinors, 'tppa = ippCfSa, Pa = 
P^Cpa, etc. All the spinors are taken to be 0(10, 10) sin- 
glet and Majorana-Weyl, possessing definite chiralities. 
With 7(10) = 7O12-9 ^Yiey obey 

^(io)^p = +^p, yio)p^_p, ^me = +s. (7) 

The double-vielbein satisfies the defining properties p^ . 



VApV", = 77p, , VApV'g = , 



(8) 



VApV'g = 7]pg , VapVbP + VapVb'' - Jab ■ 
Hence it generates a pair of rank- two projections [l^ , 

Pab ■■= VaPVbp , Pab := VaWbp , (9) 
that are symmetric, orthogonal and complementary, as 

Pab = Pba , Pab = Pba , 

P^Bp^C ^ p^C ^ p^Bp^C ^ p^C ^ (10) 



Further they give a pair of rank-six, symmetric and trace- 
less projections [isf . 



VcAB^''^ ■■= Pc^P[a1^Pb]^1 + IPc[aPb]^''P^^'' ■ 
Vcab''^^ Pc^P[a[^Pb]^1 + iPc[APs][^P^l 



D 



(11) 

We are now ready to recall the three differential opera- 
tors from (l^ - [l6| and generalize them to include 'torsion'. 



Va^Oa + Ta, 
Da^Oa + ^a + ^a, 
VA^dA + r.4 + + $A . 



(12) 



The first, Va, is the semi-covariant derivative for the 
double-gauge symmetry we developed in [13, [IE] , 

cTaiA2---A^-= dcTA^A-i - A^ ~ ^T^^ bcTaxA2---a„ 
I Y^n Brp 

+ l^i=l^CA, J-Ai---Ai-iBAi+i---A„- 

(13) 

The second. Da, is a covariant derivative for the pair 
of local Lorenz symmetries having the connections, <^a 
and $A for SO(l,9) and SO(9, 1) respectively [H]. 

The last, Tp a , is the "master" derivative combining 
V A and Da [lal- As for the unifying description of the 
closed string massless bosonic sector, it annihilates all 
the bosonic fields in 

VaVbp = OaYbp + Tab'^Vcp + ^Ap^Vb^ = , 
VaVbp = OaYbp + Tab'^Vcp + ^ap^Vb^ = , (14) 
VAd ~ie2'iV^(e-2'i) = + IF^ba = , 



and also all the "constants," Jab, Vpg^ Vpg: C^p, il^)°'p- 
The connections are all skew-symmetric and related to 
each other, from ([8]), (fT4)) . through 

^Apq = -'^Aqp = V^pVAVBq , 

^Apq = -~^Aqp - V^pVAVBq , (15) 

Tabc = -Facb = Vb^DaVcp + Vb'I'DaVcp , 
such that they assume the following most general forms, 

^Apq = ^\pq + ^Apq, ^ Apq = ^\pq + ^Apq , ^g. 

TcAB=T'hAB + ^CpqVAPVB-^ + ^CpqVA^VB^- 

Here, from [isj . 

T-CAB = KPdcPP)^AB] 

+ 2 {PlA^'PBf - PlA^'PBf) OdPeC 

- I {Pc[aPb]'' + Pc[APB]''){dDd+ {Pd^PP\ED]) , 

(17) 

and, with the corresponding derivative, = (9/i + 



^\pq = V''pV\VBq , 

As F" 



Apq 



V'p^^AVBq ■ (18) 



p^Bp^C^Q^ 



P^B + p^B ^ s^B , 



ABC — ^ A[BC] 

that further obeys [l^ [ill 



-no 
[ABC] 



F^^rnr^i in p7|) is the unique connection 
0, (P + ^)cAs^^^r5,BF = 0, (19) 
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r^, and correspond to the "minimal" or 

"torsionless" connections. The extra covariant pieces, 
^Apq = — A^np and Aapq — —Aaqp, then can be viewed 
as torsion being subject to 



where, with ([2T|) . V*. is defined by its own connection. 



AApqV^P = , AApaV^P = , 



(20) 



which are necessary to maintain = 0. As is the case 
in ordinary supergravities, the torsion can be constructed 
from the bi-spinorial objects. Specifically, in the present 
work we set 



BC = ^ABC + i\piABCP + i\i^^lABCTpp 

-~2ip-fBci>A - "iiipBlAipc ■ 



Further, hereafter, for simplicity we put 



■0A := Va^i^p , 



7-^ := V'pjP , 
Vp := V^pVA , 



(21) 



(22) 



such that V^piiA = V'p and {7-^,7-^} = 2^-^^, etc. 

From [Va,Vb]Vcp = 0, [Va,Vb]Vcp = 0,_the usual 
curvatures of the three connections, F^, ^A^ ^A, 

RCDAB = OaTbcd + Tac'^Tbed - (A ^ B) , 

FABpq = dA^Bpq - dB'^Apq + $Apr*S% - Bpr*^ q , 
FABpq = dA^Bpq - dB^Apq + ^ Apf^ B^ q ~ ^ Bpf^ A^ q , 

(23) 

satisfy the following relation, 

RaBCD = FcDpqVA^'VB'' + FcDpqVA^VB"^ ■ (24) 

However, they are not double-gauge covariant [lal. Co- 
variant quantities are achievable if we define jl5l | 

SaBCD ■= \ {RaBCD + RcDAB ~ AB^ ECd) , (25) 

satisfying, with Tabc = F^^^c + ^abc p6|. (fT7|. 

SaBCD = SabCD + '^[A^B]CD + 'D°C'^D]AB 



^D[A^ ^\C\B]E 



^B[C^^\A\D]E 2 



AB^^ECD ■ 

(26) 



(27) 



Examples of the covariant quantities include 
P^^P^^Sacbd , P^^P^^Sacbd , 

Spq + 2i^^-fp'DAlpq - 2i'ipqT)pP , 

7^I?^p, I^^Va^p, Vpp, VaV, 

^^JpiVA^q- ^VgiPA), 

where Spq = V^pV^qSAB and Sar = Sacb^- This 
generalizes our earlier results [l^ Tla | to the torsionful 
connection (|2T]). 



SUPERSYMMETRIC DFT LAGRANGIAN 

The supersymmetric double field theory Fagrangian we 
construct in this work consists of five terms (c/. [8|): 



SDFT 



1 (pABpCD _ pASpCD) ^^^^^ 



^ABC = ^ABC - i^PlABCP " i^'0^7AScV'p 
+ijPlBC'^A + 2itpBjA'4'C ■ 



(29) 



From (HZl) and [UlTl, each term in the Fagrangian is 
invariant under all the bosonic symmetries listed in Ta- 
ble [H while the whole Fagrangian is supersymmetric, up 
to the strong level matching constraint under 



(30) 



where, again with pip. Va is set by another connection, 

i^ABC = '^ABC-i'^PlABCP~i\'4^^lABci'p + i^PlBC'4'A ■ 



6,d 


= i^Sp, 


SeVap 


= ie-fpi>A , 


SeVap 


= -iejAipp, 


SeP 


= --/^Vas , 


Seipp 


= V^pVAS - 



(31) 

Under arbitrary variations of all the fields, we get 

SPab = -SPab = 2SV^a''Vb)p , 

SVap = 6VbpP''a + SVB[pV''q]VA'' , 

S^A = {6^p + i^qSVeW^'p) Va^ - i^BSVpVA^ , 

5^Apq = VAiV^pSVBq) + V^pV^qSTABC , 
S^Apq = VAiV^pSVBq) + V'^pV^qSTABC , 

SSabCD^'D[aSTb]CD -^^[EAB]ST'^CD +[iA,B}^{C,D)], 

(32) 

and, the Fagrangian transforms up to total derivatives 
(=S) as 



SCsBFT = -2Sd X £sDFT + STabc X 



X i^Spq - 2i^qVpp + i^^-fpV\i^A + ifnpV\p ] 
+ le-^^ {5p - ^SVBqPJ^'^) X (t^pV - Va^^ 

yBp 

X (Vpp + J^'V^^i'p 



+ le-^'^lSijP + ij^VBqV^P - \5VBqi^Pl'^'^ 



(28) 



(33) 

From this, covariant, four sorts of equations of motion 
(two bosonic and two fermionic) can be readily read off. 
Here we let for I?^, V\ in the fermionic equations of 
motion, 

^\bC = ^ABC - i%VlABci>f + i^P7BcV'A , 
^\bC = ^ABC - -i^PlABCP - ij2'^''lABC'4^f (34) 
+ i\piBC'4'A + "iilpBlAlpC ■ 

The 1.5 formalism that is familiar in ordinary super- 
gravities holds in ([55)1 : the variation of the Fagrangian 
by ST ABC J with ([32]), identically vanishes for the solution 
(|2ip . while the equations of motion for the fermions can 
be obtained from the fermionic sector only i.e. the last 
three terms in the Fagrangian ([^S]) . with ([^^ . 
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DFT SUPERSYMMETRY ALGEBRA 



COMMENTS 



Starting from the supersymmetry transformation rule 
of each DFT field in Eq.(30), through straightforward yet 
somewhat lengthy computations, we can obtain the fol- 
lowing supersymmetry commutator relations, up to the 
strong level matching constraint ([2]), 

[6e, , <5eJ Vap = Cx^Vap + ^e^VAp + Ap,VA« , 
[5e, , Se,] Vap = CxsVap + S^^VAp + kpqVA^ , 
[<5ei , p = Cx,P + 5e,p + ^^pql^" P 



mnpqr -^^-^3 



where, with 



■g^^mnpqr^^ 



Ymnpqr 
*Ap, = '^Apq + i^r/ApqP 

the parameters are given by 



i^VlApqll^f : 



(35) 



(36) 



£3 

A 

As 



pq 



i\ [(e27^£i)7p/0 + {p^iYi - (p£i)£2] 

= 2P[pX3,] - l^^H"'''^pylr,^■apq 



{^\pq 



i^pJAIpq) X. 



'^'ApqXi 



(37) 

In particular, Apg= ~Aqp and Ap^= — A^p correspond 
to the so(l,9) and so(9, 1) local Lorentz symmetry 
parameters respectively. Further, since X^Cjp and 
C{-^Y"^"-P''^^rnnpqr — 14y^'7p) are symmetric, the terms 
that are proportional to the fermionic equations of mo- 
tion in ([35) correspond to the fermionic "trivial" gauge 
symmetry 40|. 

Identifying the common symmetry parameters in (|37p 
on the right hand side of each line in ()35p provides a non- 
trivial consistency check. For this, note also identically. 



S3P = . 



(38) 



Therefore, the commutator of DFT supersymmetry 
transformations (pO|l closes up to the strong level match- 
ing constraint and every gauge symmetry listed in Ta- 
ble m as well as the fermionic equations of motion. 



From P7)) . (pTj) . ([M)) . up to the strong level matching 
constraint 0, we obtain 



p^^P^^Sacbd = -ip^^P'^^r^Asr^cD ^0, 

pABpCDg — uAB, 



2 

'>ACBD = Sab ■ 



pABpCD g 



ACBD 



— f)AB 



P^^Sa 



B ■ 



Hence, the bosonic part of the Lagrangian ([28|) may 
reduce to the sing le term, ^V.^^ Sab that was previously 
suggested in [l^ with the so-called generalized metric, 
Hab = Pab — Pab- However, the expression in ((^ 
appears more directly relevant to the 1.5 formalism (|33p . 



The double-vielbeins, V^p, Vap (El), admit explicit 
parametrization in terms of the Kalb-Ramond B-field 
and a pair of zehnbeins corresponding to the common 
spacctime metric, e^^e^'^rypq = -e^^e^'^fipq = g^^, in 
an 0(10,10) covariant manner [l5|, [l^. Gauge fixing 
the two zehnbeins e qual to each other breaks 0(10, 10) 
to 0(10) X GL(IO) ^3 and the pair of local Lorentz 
symmetries to a single one. Further, as shown in 
detail in the Appendix, it reduces our supersymmetric 
DFT to the ten-dimensional N =1 supergravity of 
eleven-dimensional origin [4l[ (c./. [i^, E^). This result 
seems to suggest that a generic supergravity theory is an 
0{D,D) and hence double local Lorentz broken double 
field theory. 

The supersymmetric completion of Refs.[23l. [23 | for 
type IIA/IIB supergravity remains as a future work. 
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Note added: After our submission, Ref.Q appeared 
in arXiv which also addresses the supersymmetrization 
of DFT, yet up to the quadratic order in fermions. It 
differs in detail from our full order analysis. 



yso(l,9) + Cso(9,l) 



ivial ■ 
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Appendix A: Reduction from IID to lOD supergravity 

Here after spelling out the 11_D supergravity by Cremmer, Julia and Scherk [4l| . we set up our ansatz of its 
dimensional reduction to the lOD minimal supergravity. Our ansatz differs in detail from those in [4^, and 
is designed to produce the precise lOD J\f = 1 supergravity in string frame with which our supersymmetric DFT 
matches. 



1. IID supergravity from Ref. |4l[ 

With the eleven-dimensional curved and flat vector indices, Af , TV, P, • • • and A, B,C, ■ ■ ■ respectively, the IID 
supergravity action is 

Cud = ^R{E,u:) - ,,T''^p D^{^)^ p e^FmnpqF''^^^ 

+^^^{^,,JT^'^PQRS^^ + l2^,PvQR-^S)[FpQns + Fpqbs) (^1) 

2k ,JV/i Ah Ah Ma iVi No jVa Na Pi ft F p A 

— (144)2 e 1 - J 4 1 - J 4 -1 2 ^ t AliAl^MsAh^ NiN-iNsNiAp^p^p^ , 

where. Dm is a covariant derivative with respect to the IID local Lorentz transformation only, such that with the 
standard Christoffel symbol, it satisfies 

Dm{'jj)En^ = Tm^ nEp^ , Fm^w = {m^ n} + hM^N ■ (^^) 



(A3) 



(A4) 



Further wc have 

i^MAB = —i^MBA = 5 [Ea^ {dMENB ~ OnEmb + Em'" dpE^c E^ b) — {Ai-^ B)] + Hmab , 

hMAB = -hMBA = in^ (l^'prA/AS^'^l'Q + ^AI^lA'i'B] + ^^aTm^^b) , 

and 

l^AIAB = - i^^p'T^'^ AIAb'^'q , 

FmNPQ = FmNPQ — 'ii^'^lM^NP'^Q] ■ 

The supersymmetry transformations are 

6£^M = ^bM{uJ,F)£, (A5) 
^sAmnp = i|f r[7v/7v*p] , 

where 

Dm^u:, F) = Dm{u:) - ^(Fm^^^^ - 85^,rQ«^)FpQ^s ■ (A6) 



2. Ansatz of the reduction 

With the decomposition of the curved and the flat 11_D vector indices, 

Af = (^, 11), A^{a,z), (A7) 

after putting k = 1, our ansatz of the reduction is as follows. For the elfbein we set 

Em^^\ , (A8) 

y ei"^ y 

and for the three-form gauge field, we put 

A^j,,x = , A^.ii = \B^, . (A9) 

Further for the fermions, we write 

= -i23eH'A(p + 7-Va) , (AlO) 

and impose the chirality conditions, 

7(10)^^=^^, ^(io)p^_p. 7(io)£ = e. (All) 
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Finally, we reduce the IID supersymmetry (|A5p to IQD Af = 1 supersymmctry, by adding an so(l,9) local Lorentz 
transformation, parametrized by A^^ = i^sjabip + 

Jii^ + Sa, ,51°^ . (A12) 



3. lOD M = 1 supergravity 



The resulting 101? Af ~ 1 supergravity action is, after heavy usage of the Fierz identities (|A23p . (jA24p . (jA25p . 

(EMI, (ESil, 



^WD = ex e 



R + Adf,(t>df'(, 



1 TT rrX^i' 
12 X^u^ 



+ i2v/2p7™(a,„p + ic^„„p7"^P + J^H,nnpl"Pp) 

+ ^(Vi«7mnpV',)(^'^7""^^r) " 1 ranpi^ ,) {pi''''''' p) ] , 

of which the M — 1 supersymmetry is, from (|A12p . given by 

SeP = -^-f^-idaS + l0Jabcl'"'e + ^Hahcl^^S - da<l>e) 

+ «5(^7[a^h])7"V, 
Se^'a = ^{dae + \i^abcl'"'e + iHabc^f'^e) 

- i\{p£)^a - i\{pi-'a)£ + iliPlbcTpah^^S 
+ i\{Sl[b^c])l^''^a ■ 



(A13) 



(A14) 



Here we set dp = (e ^)p^d^ and assume the standard spin connection, i 
covariant derivative, \J , given by the torsionless, Christoffel symbol. 



(e )p'^'\7 n^vq, with the diffeomorphsim 



4. Matching the supersymmetric DFT and the lOD supergravity 

The double- vielbein satisfies the defining properties (8), 

VApV^q = ripq , VApV^q = , 

(A15) 

VApV'^q = fipq , VapVb^ + VapVbP = Jab , 
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which are manifestly 0(10, 10) covariant. Assuming that the upper half blocks of Vap and Vap are non-degenerate, 
the double- vielbein takes the following most general form [l^ [iq 

((e^^) 
' h VAp = :k ^ I • (A16) 

{B + e).p 

Here e^^ and e^^ are two copies of the zehnbcins corresponding to the same spacctimc metric, 

and B^^ = —B,^^ can be identified as the Kalb-Ramond two- form gauge field. We also set in (|A16p . 

B -B (e-'^) " B - -B (e-^')-" (A18) 

^ l-ip -t^/^i^V }p t P-P — -'--'/^z^V )p ' ^ ' 

In particular, (e~^e)p^ and (e~^e)p^ are local Lorcntz transformations, satisfying 

(e e)p^(e e)q'^r]pq = —fjpq, 

(A19) 

(e e)p^(e e)q'^f]pq — —Tjpq . 

Since (|A15I) is manifestly 0(10, 10) covariant and the parametrization ()A16P is quite generic, the constraint ()A17P 
is compatible with the 0(10, 10) structure. For its explicit verification, we refer (41), (42), (43) in [l^ or section 3.2 

of [Hi. 

Now, with the explicit parametrization (jA16p . from (31) in [l5| and (4.51) in [l6|, upon the strong level matching 
constraint, 9=0, our supersymmctric DFT Lagrangian (28) decomposes into three parts: genuine bosonic terms, 
quadratic fermion terms, and quartic fermion terms, 

>CSDFT ^Co + C2+Ci, (A20) 

each of which reads explicitly, 

e-'^Co = I (pABpCD _ pABpCD^ ^0^^^ 

s i (i? + 400 - 4a,,a^0 - ^Hy^^.H^^'^) , 



e 



= '^P^"' i^^^P + i^™»p7"^P + jlHrnnpT^p) + {dpP + ^^pgrT^V + ^Hpqrj'^^p) (A21) 

+ ^iT^V'^T™ {dm^p + \^mnpl'^^-4>p + ^mpqi^'^ + ^i?mnp7"^'0p + ^Hmpq'^P'^) , 

e^^A = I [2^(^^7ABcV'D)(V5^7^^^V'i=;) + U^''lABC^D)[-pi^'''' p)] 

= I [UVlmnpi^p){ri'^''''^q) + U^Hnnp^p){pi"'''^p)\ , 

where dp = (e"^)p''(9p, dp = (e"^)p^9p, oj/^pq = {e^^)p'^V f^^^q, w^p, = {e^^)p''\/ pSi^q, etc. 

After gauge fixing, e^^ = e^^, with the identification, fjpq = —Tjpq, which breaks 0(10, 10) to 0(10) >^ GL(IO) 

and the pair of local Lorentz symmetries to a single one, so(l,!3) x so(9, 1) — >■ so(l,9), it is straightforward to 
check that the supersymmctric DFT Lagrangian (jA21[) coincides with the 101^ N = \ supergravity Lagrangian (jAlSp . 
Further, the DFT supersymmetry (pO|) agrees with the lOZ? N ~ 1 supersymmetry (jA14p . up an so(l, 9) local Lorentz 
transformation corresponding to the former of so(l, 9) x so(9, 1) having the parameter, 

- iejp'tpq + iS"fq^p ■ (A22) 



9 



5. Fierz identities 

Relevant Fierz identities include 

P7^'V(P7p,r)a =0, (A23) 
l^Pl^'^'- P^plpqrV = Plpg^pPjP'^V , (A24) 

-m8'°7""^PV^''79rm„pV''' - T34P7mnV'"P7"^V'p " gij '°7""^P^n7mp,^'^ = , 



-T^P7""V'^^«79rp™„^'- - i^P7""P'V'g^"'-7r.m„pV'^ + iiPT™" V'^^™7npg V"' 
+ g|4P7"^"VP^p7mn,V'' + ^^-pi^^^^'^ll^.i^nlmprV =0, 

-^^"^7"^'V'™V5p7nV'9 + ^V5'"7"V'PV5™7nV'p - ^i^'^rr^nlmi^p " V;"7nV'"V5n^7PV'^ 
+ TM^"7"^^'/5'7,rrn„p^'' " ^i'^^l'^^^^m^nlparV " l^^'"7"'/'^Vim7np9'/'' 
+ T34^"7"^^V;«7mp,^« + ^^i^^l^^'Mplqrsr - ^^"^r^'MnlmprV 
+ ^^'^r'"'i^q^mlnprV " l'^'^" %V 1 mnp^ r =0. 



